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Unit #8: Taylor Polynomials and Power Series
Topic: Taylor and Maclaurin Series
Objective: SWBAT manipulate various Taylor and Maclaurin series.

Warm Up #5;:

Let P(x) = 3x? — 5x3 + 7x* + 3x° be the fifth-degree Taylor polynomial for the function
f about x = 0. What is the value of """ (0)?

(a) =30 (b) —15 (c) =5 (d) _g (e) _%

Differentiation & Integration of Power Series

The derivative and the antiderivative of a power series are again power series.

The derivative and antiderivative of a power series are found by integrating and
differentiating each individual term in the original series.

Example #1:

a) Derive a Maclaurin series for sinx, and then take its derivative.

What do you notice about the new series you end up with??

b) Iff() =1+x+2+% + X4 and F(x) = [ f(x)dx and F(0) = 1, find F(x).

Do you recognize this function??
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The intervals of convergence of the derivative and antiderivative of a power series have
the same center and radius as the interval of convergence of the original power series,
BUT the endpoints may differ.

The interval of convergence of the derivative of a power series may lose endpoints, while the
antiderivative of a power series may gain endpoints.

Example #2:

a) Write the power series for Inx centered at x = 1, and its interval of convergence.

b) Find the power series for the derivative of inx and for the antiderivative of [nx. State
the interval of convergence for each power series.
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Practice Problems:

1) Let f be a function that has derivatives of all orders for all real numbers. Assume

fO=3fO=-2fDO=2f"1) =4

a) Write the second-degree Taylor polynomial for f about x = 1 and use it to
approximate f(0.7).

b) Write the third-degree Taylor polynomial for f about x = 1 and use it to
approximate f(1.2).

c) Write the second-degree Taylor polynomial for f’, the derivative of f, aboutx = 1
and use it to approximate f'(1.2).

2) LetP(x) =7 —3(x —4) + 5(x — 4)? — 2(x — 4)3 + 6(x — 4)* be the 4-degree Taylor
polynomial for the function f about 4. Assume f has derivatives for all orders for all
real numbers.

a) Find f(4) and """ (4).

b) Write the second-degree Taylor polynomial for f’ about 4 and use it to approximate
f'(4.3).

¢) Write the fourth-degree Taylor polynomial for g(x) = | 4x f(t)dt about 4.
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3) The Taylor series about z = 5 for a certain function fconverges to f(z) for all z in the interval of

(—1)"n! 1

convergence. The nth derivative of fat z = 5 is given by f") (5) = 2 (nt2) and f(5) = 2"
n

(a) Write the third-degree Taylor polynomial for fabout z = 5.
(b) Find the radius of convergence of the Taylor series for fabout z = 5.

(¢) Show that the sixth-degree Taylor polynomial for f about z = 5 approximates f(6) with error less
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4) The Maclaurin series for the function f is given by

_ (22 )0 g4 42 N 8’ N 16z - (2z )"
n+1 2 3 4 n+1

on its interval of convergence.
(a) Find the interval of convergence of the Maclaurin series for f Justify your answer.

(b) Find the first four terms and the general term for the Maclaurin series for f'(z).

(¢) Use the Maclaurin series you found in part (b) to find the value of f’(—%).
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5) A function f 1s defined by
1 2 3
f(X) = §+3—2x+3—3x2+---+ 3n+1

for all x in the interval of convergence of the given power series.

n+1
xn+...

(a) Find the interval of convergence for this power series. Show the work that leads to your answer.

O

(b) Find lim
x—0 X

1
(c) Write the first three nonzero terms and the general term for an infinite series that represents Jo f(x)dx.

(d) Find the sum of the series determined in part (c).



R e [ IVEY :Jol Unit #8 Lesson 5 - 6

6) Let f(x) = ln(l + x3).

2 3 x4

n
(a) The Maclaurin series for In(1+ x) is x — x? + % —te (-1t x? + ---. Use the series to write

the first four nonzero terms and the general term of the Maclaurin series for f.

(b) The radius of convergence of the Maclaurin series for f is 1. Determine the interval of convergence. Show
the work that leads to your answer.

(c) Write the first four nonzero terms of the Maclaurin series for f"(ir2 ) If g(x)= J-Ox f ’(tz) dt, use the first

two nonzero terms of the Maclaurin series for g to approximate g(1).

(d) The Maclaurin series for g, evaluated at x = 1, is a convergent alternating series with individual terms
that decrease in absolute value to 0. Show that your approximation in part (¢) must differ from g(1) by

1
less than 3
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7) Let f be the function given by f(x) = e

a) Write the first four nonzero terms and the general term of the Taylor series for
f aboutx = 0.

—x2—
b) Use your answer to part (a) to find lim,,_, 1x—4f(x)

c) Write the first four nonzero terms of the Taylor series for fox e t"dt about x = 0. Use

, : /2 _
the first two terms of your answer to estimate | 0 /2 et dt.

d) Explain why the estimate found in part (c) differs from the actual value of

1/2 42 1
Jo~ e™* dt by less than ——.
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Answer Key:

1) a) 3.69  b) 2645 ) -1.52

2) a) f(A) =2, f""(4)=-12 b) -0.54

4 3(x-4)* | 5(x—4)° —4)*
Q) f'(0) » Ty(x) = 7(x —4) - T2 B2 20

1 (x-5) , x=5)* (x-5)° =
3) a) f(x) ¥ Ty(a) =5 — 242 20 D) R=2

1 1
c) Error< — < —
1152 1000

4) a) _% < x <% b) f'(x) =2+ 4x + 8x? + 16x°+..2(2x)"+... | () g

2 1 1 1 1
5)a) -3<x<3 b); C)§+5+;+°“3n+1+'“ d) -
6 9 12 3n
6) a) ¥ — -+ =Tt (D) b) -1<x<1
2 3 4 n
Q) fI(t?) =3t* =3t +3t16 -3t 4., g(1) =

3 _1
d) error < =< =
17 5

4 6 (_1)11 2n
7)a) f)=1-x2+5 -4 CUT,

n!
1 x3 x5 x7 (_l)nx2n+1
b) —2 x-St 4t Xy CU0x
2 3 10 42 2n+1)n!

1 1
d) error < — < —
320 200




